The low-temperature series for the surface width of the Absolute value Solid-On-Solid model and the Discrete Gaussian model both on the square lattice and on the triangular lattice are generated to high orders using the improved finite-lattice method. The series are analyzed to give the critical points of the roughening phase transition for each model.
INTRODUCTION
The solid-on-solid(SOS) model is an approximation of the interface in three-dimensional Ising model. It suffers from the roughening phase transition. This transition is considered to be of the Kosterlitz-Thouless (KT) type [1] . Hasenbusch et al [2] determined the roughening transition points u r in high precision by Monte Carlo renormalization group(MCRG) matching of various SOS models with the body-centered solidon-solid(BCSOS) model, which was solved exactly. [3] They found that the absolute-value solidon-solid(ASOS) model and the discrete gaussian(DG) model on the square lattice belong to the same universality class as the BCSOS model, with the roughening transition points u r = 0.19945(1) and u r = 0.2643(1) for the ASOS model and the DG model, respectively. The free energy in the SOS models is expected to exhibit the singularity like
In fact the free energy has this type of singularity in the BCSOS model. The low-temperature series for the free energy of the ASOS model was calculated [4, 5] and the behavior of the series is consistent with this type of singularity. This singularity is, however, weaker than the singularity of the quantities concerning the interface width such as the average of the n-th moment of the surface height < h n > or the inverse of the den- * This work is supported in part by the Grants-in-Aid of the Ministry of Education (No.08640494) sity gradient at the center of the interface
.
These quantities are expected to behave like
The renormalization group estimate was given by Ohta and Kawasaki [6] as
In the BCSOS model [7] the critical exponents have the same values as these RG prediction. The low-temperature series were calculated for < h 2 > and M in the ASOS model to order u 9 by Leamy et al [8] . But, they are too short to give some definite conclusion and longer series are expected. Here we calculate the low-temperature series for < h 2 >, < h 4 > and M to high orders in the ASOS model and the DG model on the square lattice and also on the triangular lattice, among which those in the ASOS model on the square lattice are previously reported together with those in the 3D Ising interface. [9] 2. SERIES The series are calculated using the improved algorithm [5, 14] of the finite-lattice method. [10] [11] [12] [13] The finite-lattice can also be applies to the model on the triangular lattice by mapping it to the square lattice with not only the nearest-neighbor Table 1 The low-temperature expansion coefficients for the surface height squared < h 2 > of the ASOS model and the DG model on the square lattice and on the triangular lattice.
square interaction but also the next-nearest-neighbor interaction in one direction. [15] In the standard finite-lattice method the series expansion of the free energy (and its derivative with respect to the source term introduced to lead to the expectation value of various quantities) in the infinite volume limit can be obtained by an appropriate linear combination of the free energies (and their derivatives) on the finite-size lattices. The improved algorithm is effective in such a model that the spin variable at each site have high or infinite discrete degree of freedom as in the q-state Potts model with a large q and the SOS models. In the improved algorithm we prepare the free energies on finite-size lattices with the degree of freedom of the spin at each site restricted to be smaller than in the original model. Then the free energy in the infinite volume limit is given by an appropriate linear combination of the free energies on the finite-size lattices with the restricted spin degree of freedom as well as of the free energies with the full degree of freedom on smaller finite-size lattices. This saves us from taking into account unnecessarily large fluctuation of the spin variables, which would contribute only to the higher order terms than we wish. The low-temperature expansion coefficients for < h 2 > in each model are listed in Table 1 . The expansion parameter is u = exp(−2J/k B T ), where J is the interaction strength in the Hamiltonian as
Those for < h 4 > and M will be seen in the literature. [16] 
ANALYSIS
Here we assume the universality between the exactly solved BCSOS model and the other SOS models so that the critical exponents for < h 2 >, < h 4 > and M would be 1/2, 1 and 1/4, respectively, which is also the prediction of the renormalization group arguments. Then inhomogeneous differential approximants of the series biased for the critical exponents to have the above values give the values of the roughening transition point for each model, which are listed in Table 2 . The data listed for M is from the approximants of its second derivative with respect to u, which give more convergent result than of itself. We see that the obtained values of the roughening transition point for the ASOS model and the DG model on the square lattice are consistent with the precise values given by Hasenbusch et al from the MCRG matching to the BCSOS model. Those for the models on the triangular lattice are a new prediction, which we do not know any data to be compared with by now.
